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NOTICE
THIS DOCUMENT HAS BEEN REPRODUCED FROM
THEB BEST COPY FURNISHED US BY THE SPONSORING
AGENCY. ALTHOUGH IT IS RECOGNIZED THAT CER-
TAIN PORTIONS ARE ILLEGIBLE, IT IS BEING RE-
LEASED IN THE INTEREST OF MAKING A'VAVILABLE
AS MUCH INFORMATION AS POSSIB*LE. |



NATIONAL ADVISCRY COMMITTEE FOR AERONWAUTICS

TECENICAL MEMORANDUM NO. 787

INVESTIGATICNS O THE AMOUNT OF DOWNWASH BEHIND
'RECTANGULAR AND ELLIPTICAL WINGS*

By H. Muttray
SUMMARY

The downwash behind a wing may be computed from the
system of vortices created by the wing and which can be
substituted for the latter, If the actual rolling-up
process of the free vortex shcet 1s disregarded hercby,
the estadPlishment of boundaries for the downwash factors
is contingent upon the premise that no rolling up takes
place or else that the developed tip vortices start direct
on the effective line. The actual downwash factors for
the rectangular wing are rather of the approximate magni-
tude of the values computable with the developed tip vor-
tices starting direct on the wing. Xereby we encounter
a relationship with the ¢, value: the downwash factors
referred to the induced angle of attack become smaller as
¢, increases.

The latter is even more true for the elliptical wing.
On it the downwash factors already reach at low angles of
attack the amount of those given through the nonrolled
vortex sheet, provided the distance downstream from the
wing does not exceed le5 times the semispan.

The survey of the position of the tip-vortex cores on
the elliptical wing reveals that the cores do not reach
tize theoretical value save at very great distance. (The
present report treats the wing alone, i.e., without con-
sideration of body or slipstream effects, although down-
wash experiments on "wings with fuselage" and "wings with
fuselage and rotating propeller" are under way.)

*"Untegsuchungen %ber die Grgsse des Abwindes hinter Trag-
flugeln mit rechteckigem und elliptischem Umriss,
Luftfahrtforschung, March 28, 1935, pp. 28-37.
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I, INTRODUCTION

The direction of the air stream at any point behind
the wing can be computed from the vortex system, for which
the wing may be replaced and which the latter creates =~
"bound" and "free' vortices.

For predetermined gpanwise 1ift or circulation digtri-
bution I' = £(x), the strength of the free vortex shed-
ding between x and d4x sand extending to infinity, is

= QE ax (1)

The field of flow behind the wing, vigualized there~
by as effective line, is thus characterized by an infinite
number of individual trailing vortices with a common line
of symmetry and a common bound vortex axis.

Every single vortex of the system is then affected by
the other vortices, with the result that the thus-formed
vortex sheet is not in flow direction but rather slightly
lowered. However, this amount is so small as to be negli~
gible, as a rule.

This lowering of the vortex sheet may be so much more
negligible as, apart from that, another rolling-up process
of the vortex sheet (reference 1), not exactly known in
its individual phases, shifts the picture considerabdbly,
for the vortex sheet is unstable. It rolls up into two
distinct tip vortices almost directly behind the wing (ref-
erence 2) and .so creates a vortex distribution as shown in
figure 1, With predetermined 1ift distribution I' = £(x)
over the span b, the distance b! of the expressed tip
vortices can be readily computed (references 2, 3, 4) by
means of the momentum theorem for the steady flow. It af=-
fords the relation: '

;1 +b/2 |
bt = If-f""“" / I’ ax (2)
m o_p/2
(I'y = circulation in wing center).

The sum of the circulations of the free vortices of a
semiwing equals, according to (1), the circulation at wing
center. No circulation being lost (reference 5) during the
rolling-up process of the vortex sheet, the circulation of

the developed individual tip vortices likewise equals I'j.
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Xow when it is assumed that these developed separate
tip vortices start directly om the effective line, substi-
tuting for the wing, rather than at some distance behind
the wing after the rolling-up process of the vortex sheet
is completed, then the so-called "bound" vortices must
likewise be replaced by one single vortex of strength Pm.

In this manner we arrive at the initially cited replave-
ment of the theoretical vortex system by one single horse-
shoe or trailing vortex.

The calculation of the downwash itself is then fairly
simple and yields, as shall be shown, values which are
fairly in accord with the experimental figures. The val-
ues are lower than those obtained with nonrolled vortex
sheet. The figures for the latter represent an upper lim-
it. A lower limit is obtained by assuming the circulation
to be uniformly distributed over the total span (referecnces
%3 and 6). The vortex strength is then L.

In the particular case of a simple trailing vortex
with cireulation I' and the free vortex spacing a, the
application of the Biot-Savart theorem gives for a point
on the line of symmebtry of the vortex arrangement, the fol-
" lowing term for the infercnce velocity w at right angles

to the plane in which the vortices lie:
| / ?+ (ﬁt\z \
w o= Il 1 + 2/ /)
a 1

(1 = distance of point in flow direction from the bound
vortex.)

Putting a = b ("lower 1imit") and the angle of down-
wash at

where v = undisturbed velocity, we have:

~~CH/F(

Ty
with
—-I_‘. = Cp E‘ZQ o 9"@- o and 4 = ——-L—'
> 2% i b R YE
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wherein F = wing area and

03 = induced angle.of attack for elllptlcal 1ift
distribution, it is

o1 (e /T ) »

which, evaluated, gives:

"
ot
i
e
A
bt
S

———— T 2308 104 1-21 1006

It is seen that a2t great distance behind the wing the
lower-1limit value of the angle of downwash approaches as-
ymptotically the value of the angle of downwash at the
point of a wing with elliptical 1ift distribution.

, For a wing with elliptical 1ift distribution and non-
rolled vortex sheet ("upper 1limit"), the downwash factors
of the line of symmetry afford an integral term (refer-
ences 3 and 8) which, evaluated in tabulated form, is:

e.ll = %. g_ l 2

3 z
W o_ 3.23 2.43 2.22 2.06
ai

It is seen that the upper~limit value of the angle of
downwash approaches, at great distance behind the wing,
the double amount of the value at the point of the wing
asymptotically., With

%'_z p-=k (4)
g'?: ——~—-g~ 1+,/1 ——- (31)
1

for the wing with expressed single~tip vortices of spacing
b!., The Oyg/ay values are shown plotted in figure 2 for

different k values versus ¢;., according to (3r).
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This merely leaves the determination of the particu-
lar kX for a given wing.,

For a wing with elliptical 1ift distribution

I = I‘m/l + (ﬁii

in conjunction with (2) gives:

= TL .

Por wings with rectangular 1ift distribution and con-
stant profile and angle of attack, the k value is depend-
ent on the aspect ratio A = b/t divided by the light gra-
dient

because the 1ift distribution itself is dependent on k.

Betz, in his thesis "Contridbution to AirfoilvTheory
with Special Reference to the Simple Rectangular Wing"
(reference 7), gives k in terms of L:

L = :[.).. ....._._...._4:_.._.. ._'A'.._ = A\ ...._.._._._4__..-_._ (5)

t d g,/do Ao 4 c, [fd0e

(d cy/da = 1ift gradient of wing of finite aspeet ratio;
d cy/d0g

i

1ift gradient for infinite aspect ratio.)

Putting

that is, equal to the theoretical 1ift gradient for flat
plates of infinite length, the pertinent aspect ratlo is:

A = %== I (6)

2

Glauert (reference 6) and Helmbold (reference 3) extrapo-
lated Betz's k wvalue in function of L, according to
(8) for different A. This approach may, however, be fore~
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gone, because Betz gives L for rectangular 1ift distri-

. b a0 .
£ LNSE. S .
bution also in function of t o 73 Accordingly Zi
. . . . ' b a
, 2 —a =
show k din figure 3 in funct;on of L i (whereby 3
b 1

21! d B,

) an t dca7da

ITI. EXPERIMENT

1, Experimental Procedure

The angle of downwash was measured with a so-called
"two-finger" downwash recorder (reference 8), with an in-
strumental accuracy of around *0.1°. Two superimposed
pitot tubes set at about 90° to each other were connected
through an inclined tube manometer. The tube assembly was
turned until the manometer indicated zero pressure differ-
ence; thus the angle of downwash could be read direct on a
scale. Of course, it was first necessary to establisgh the
sum of the setting angles between the aerodynamic zero di-
rection of the tube assembly and the pointer as well as
the scale zero through a special test (reference 9). The
instrument was mounted on a sliding support in the wind
shadow, which permitted pointing at any place behind the
wing. The test was made in the 2.25 m (7.38 ft.) wind tun-
nel of the AVA at Gottingen. The air speed was v = 30
m/s (98.4 ft./sec.). Altogether we measured three wings:

1. Rectangular, airfoil ¥o. 387,
t = 20 cm (7.87 in.), A =5

2 Réctangular, airfoil ¥o. 422,
t =20 ¢cm (7.87 in.), A =5

3. BElliptical, airfoil No. 387,
tmax = 25.55 em (10 in.), A = 5,

same area as rectangular wings.

We recorded the angle of downwash behind the wing on
more or less numerous axes (longitudinal, lateral, and
normal), at different angles of attack and, in addition,
the position of the tip vortex cores for profile No. 1.

We also measured the wing polars for the elliptical pro-
file with and without turbulence grid. The downwash meas-
uvrements, having been made in stages extending over a great
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period of time, were, upon completion, followed by a check
test on the symmetry longitudinal axis at height of the
ceps 0f the wing with increasing angle of attack, which
afforded a guick cross section of the previously made
megasurements. The agreement with the previous measure~
ments was satisfactory.

2. Bvaluation

Aside from the previously mentioned constant correc~
tion involved with the use of the downwash recorder, an-
other correction had to be effected on the read angle of
downwash which was bound up with the finite limitation of
the experimental jet diameter.

The jet diameter being finite, the wing causes - as
is known ~ a deflection of the total air stream, which at
the point of the wing is half as much as it is far behind
the wing. The amount of deflection at the point of the
wing and at pointg far behind the wing can be computed
when assuming reflected free vortices to both sides of the
jet. This does not require the substitution of the vor-
tex sheet for the wing. When the wing span is less than
three-fourths of the jet diameter, it suffices to proceed
from constant spanwise 1ift distribution (reference 6).

In this case the Biot-Savart theorem applied to the
reflected vortex gives the angle of downwash correction
at the point of wing center at:

o = Sa T
o~ 3 T,
(F = wing area, F, = Jet section). Contrariwise, proceed-

ing from elliptical 1ift distribution, we obtain, for,in-
stance, for the conditions in the 2.25 m (7.38 ft.) Gottin-
gen wind tunnel (F = 0.2 m® (2.15 sq.ft.), b= 1.0 m

(3.28 ft.) Jjet diameter R = 1.125 m (3.69 ft.), the value

*
- Ca ¥

= = 1.009
% T
Oel1l 8 %o

that is, not gquite l-percent difference.

The term for the angle of downwash correction on the

"
*¥I. Lieferung d. Ergebnisse d. AVA zu Gottingen,
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Jet axis as function of the spacing factor b72

obtalned in the same way for rectangular dlstrlbutlon over
the total span4at approxlmately.

% (1+ = ) (7)
Voer® + m*
*
where m = E%gu An exact theory.is,lacking up to the

present. Referred to the 1n&uce& angle of attack oy for
elliptical 1lift dlstrlbutlon, we have. ‘

____ 14 -
(1.' «/E‘L +m

Lastly, proceedlng from a constant lmft dlstr1but1on over
span b'! = k b rather than over the total span, affords

, Y R
R R A
VTR T

(8)

The difference between (8) and'(9) being so ihsighif—
icant, we simply used (7) and (8) for angle of downwash
correct1ons.

3. Teét‘RésuIts

a) Rectangular wing, airfoil No, 387.- The results of
the aerodynamic force meagurements are shown in figures 4
and 5, the latter also including the values of deg/da  in
radiansa. : :

The - an§le of downwash was recorded at o= - 3,1°
~0.2°%, +4.2°, +84s6%, +12.5%, and +14.0° on more or less
numerous 1ong;tud;nal lateral, and normal axes. Figures
6 to 8 are examples of records taken at o = 8.6° and
c, = 1,065. The distribution of the downwash factors

as/o; on the individual axes being similar at all &, it

*¥¥Miss I. Lotz has, in the interim, established an accurate
theory for this. On the other hand, the experimental fig-
ures given in the present reéport vary within negligidbly nar-
row limits, when the exact theoretical correction factors
are applied, : : B - "
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seemed unnecessary to publish all the test results aside
from o = 8.60,'except the values of the longitudinal axes
through the origin of the chosen system of coordinates
(fig. 9). These values are, in part, direct meagurements;
in part, interpolations.

The notation used in the graphs are:

1 is the distance of test station from bound vortex,
downstream, in direction of longitudinal axis

g, distance of test station from plane of symmetry
of wing in lateral axis direction (+ g = star-
board wing)

h, distancé of test station in direction of normal
axis (+ h = suction side, =~ h = pressure side)

1 q h s
€ 7 » € q .]“7'— ’ € E S~ L T t
A .b" 2"‘ 2 h b7‘2 spacing actors

2 = downwash factor

The origin of the coordinate gystem lies on the plane
of symmetry of the wing in the "bound vortex" which for
every O was assumed to be located in the ce.pes of the
wing-on the plan form of the profile.

‘Figure 6 1lllustrates the experimentally defined down-
wash factors for four lateral axes.

Figure 7 gives the experimental values for six normal
axes in addition to one normal axis at €7 = 1.0 distanceys
The formula for it is:

1 [ 1, 1 ( 1, 1N

€2+ WV PPl NPt o fal” .
= . (10)
14 %2 F __ %n 1

2
™Y 6% i1 JSeo® F R 41

when the theoretical vortex system is exchanged for a
trailing vortex with a = kb +tip-~vortex spacing. The de~-
nominator varying so 1little from 1, the evaluation with
the numerator was adequate.
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Figure 8, in addition to the downwash factors for
six superimposed longitudinal axes, also shows the theo-
retical curves relative to the €7 axis through the ori-

gin of the coordinates for:
a) "Upper limit"
b) "Lower limit"

¢) Elliptical 1ift distribution, vortex sheet
rolled up, k = 0.785

d) Rectangular 1ift distribution, vortex sheet
rolled up, %k defined on the simple premise.

. de
of 1ift gradient 5&3 = 21 (k = 0.865 for A = 5)

Figure 9 depicts, other than the already cited theoret-
ical curves for the longitudinal axis, four other theoret-
ical curves (dashes) computed with k values for rectan~
gular 1ift distridbution, according to Betz.

The gtriking fact of the downwash curves recorded on
the lateral axes (fig. 6) is their peculiar wavelike as~
pect; which seems to be so much more pronounced as the an-
gle of attack is smaller. The waves lie in flow direction,
so that curves recorded on longitudinal axes do not exhib-
it this wavy effect, and curves of successive lateral axes
are in parallel direction. The phenomenon may tie in with
the fact that the predetermined free jet of the 2.25-meter
wind tunnel manifests appreciable changes in flow direc~
tion over the cross sectione.

Leaving aside the waviness of the curves, their gem—
eral shape may be summed up as follows: TUp to about
€q = +0.6, a slight rise in angle of downwash of approx-

imately 0.2 a3, that is, about 1° at the highest, is
noticeable, in contrast to the practically congtant angle
of downwash within range of the span of the control sur-
faces of an airplane, i.e., within range of Sq = *0.,25;

whence it was not deemed necessary to plot a theoretical
curve in the graph. Above €q = *0.6, the angle of

downwash decreases when the lateral axis is above or be-
low the wing; it rises when the lateral axis intersects
the tip vortiges.
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According %0 all recorded normal axis diagrams, the
normal axis curves (fig. 7) manifest that the pressure-
side records are a little higher than the theoretical val-
ues, although the shape of the experimentally defined
curves is about the same as that of the theoretical c¢urves.
Contrariwise, the suction side reveals, with increasing
€, a more severe drop of the cxperimental values than

the theoretical curve indicates. .This may perhaps be ex~
plained by . the wake flow, which edges itself wedgelike be~
tween the air sweeping along adbove and below the wing and
consisting chiefly of slowed—up alr partlcles SWbeplng
along above the wing.

‘The diagram of the downwash curves for a = 8. 6° (fig.
€), recorded on the longitudinal axes, reveals the follow-
ing: The two curves recorded for ¢, = = 0. 02 and €y =
+ 0.0298, are approx1mately coincident and consequently

also with the curve for €, = 0,0. . These curves lie in

the approximate center of the "theoretical" curves for

k = 0.785 (elliptiecal 1ift distribution; vortex sheet
rolled up) and k = 0.865 (rectangunlar distribution, vor-
tex sheet rolled up), whence they were amenable to prede-
termination by introducing %k = 0.825. The percent discrep-
ancy of the experimental from the theoretical values com-
puted with %k =:0,865, 4is approximately 10 percent.

The steepness of the experimental curve in model
proximity over that arrived at with an assumed trailing
vortex, is primarily attributable to the still unfinighed
rolling process of the vortex sheet in model proximity.
The values, as a result, approach the Pupper limit." A4
further reason may lie in the finite wing chord since, as
will be remembered, the wing was exchanged for an effec-
tive line in the formulation of the equations,

The downwash factors over the loangitudinal axes for
€y = 0,0 with increasing @ (fig. 9), reveal a certain
regularity in curve position. The curves for small «,

de

for which n = EEQ = constant; that is, up to about c, =

0.9, are almost coincident. These curves are highest,
and approach the theoreticsl ecurve for k = 0,785 at
€1 = 045, and drop at' €} =.2.0 Detween those for k =

0.785 and 0,865, in contrast to that for o = 14°, which
already intersects the theoretical curve at k = 0.865,
Using the theoretical curves for Xk values plotted in
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the graph, according to Betz's more exact method for com-

parigson, the theoretical curves themselves drop lower as

@  increases. ,Thugs, the behavior of the curve position

is as established by ‘the’ theorJ. Even 80, the noticeabdble

fact remains that the discrepancy of the experimental

curves from the dashed. theoretical curves is so much great-
.than from, full drawn theoretlcal curves. As k --then

is pr0portiona1 to the: spacing of the tlp vortlces,'lt

would be-indicative of a tip- vortex spac1ng smaller than

..the theory predlcts..

. Yet the measurements of tnls spac1ng on ‘the ellipti-
cal wing actually prove it to be greater rather than small-
er - a. fact which stresses the need for further investiga~
tions before the theoretlcal and tne exPerlmental -downwash
formulas can be reconc11ed. s

b) Rectangular wing, airfoil No. 422.- Figure 10 is
~the polar diagram of airfoil No. 422, taken from Ergebnisse
.,der_AeTodynamiSchen Versuchsanstelt 2u”Gottingen; volume I.

The angle of downwash was measured ‘on several axes
(on two stations) for a = 4. 2° and o = 8.1°.  The re-
sults were 1dent1ca1 with those for the rectangular wing
No. ‘387 . . . .

. A comparison of the downwash factors of profile No.
422 with those of No. 387, on-the basis of the longitudi-
nal-aXis curves in plane of symmetry of the wing at ¢ =
‘0.0, ' reveals’ the folloW1ng~*'Tne longitudinal-axis curves
recorded at o = .4,2° and 8,1° "differ in model proximity
at most, only about 0.3%°, so that both angles of attack
may "be expressed by & mean curve which, if plotted in fig-
ure 9, would bring it approximately between curves (1) and

(2) ‘up to €1 = 1,5 -and then, as €1 1ncre%ses, closer
: c

to curve (1). Since the mean value of =n = EE% = 3'45
corresponding to curve .(2), the . downwasn factors of air-
foils Nos. 387 and 422 may. be said to agree very well for
practical requirements. This statement should undoubtedly
hold for all similar profiles.

ic) Elllptlcal wing, airfoil No. 387 - The aerodynamlc
force measurements are saown in flgures 11 and- 12% '

The downwash measureﬂents again consist of a first
and a check test and, in addltlon, of a record on several
1ongltud1na1 axes at - a = 8 6 with turbulence grid.  The
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reason for the latter test was that in the test without
turbulence grid, the downwash curves on the longitudinal
axig varied quite considerably from those of the preceding
rectangular wing, which was indicative of a 1lift distribu-
tion not in accord with the desired elliptical distribu-
tion. A comparison of the elliptical-wing polar without
turbulence grid with the rectangular-~wing polar, confirmed
this suspicion: that of the elliptical wing was more to
the right in the graph. It was presumed that this occur-
rence was related to low Reynolds Numbers of the outer
profiles of the elliptical wing, and that a turbulence
grid would modify both polar 'and angle of downwash. But
it .was found in the force measurement that the polar with
and without turbulence grid differed only as to maximun

c, value; evon so, it modified the downwash factors, as

shown elsewhere in the report.

The first test was made at o = - 0,2°, 4.5°, 8,86°,
and 14°, the check test at the same angles and, in addi-

tion, at o = - 3,2°. The results are shown in figures
15"171

The lateral axis measurements revealed nothing basic-
21ly new, according to figure 13,

In the normal axis measurements (fig. 14), the non-
compliance with the theoretical curves is much greater
than for the rectangular wing. The only similarity remain-
ing is that here the discrepancies in the field of flow be-
low the pressure side of the wing exceed those on the suc-
tion side,

As to the longitudinal axis measurements themselves,
the discussion is restricted to the mean measurement of
figure 17, where, as it is noted, the first and second
tests were almost in perfect agreement,* especially at
a = 8.6° and 14°. ' ~ ' '

Figure 17 manifests a certain relationship with the
rectangular wing of figure 9, except for the following:

*Both angles, having the same 1ift gradients, angles o =
- 342° and a = - 0.20, were colleected in figure 17.
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. a) At~ a = =32 to +14°,. the individual curves are
' -farther apart; that is, the enclosed angle of
downwash range 1s greater.

b) The ciirves are hlgher in the graph For both the
- rectangular and. the elliptical wing, the curve
for maximum - O - with adhering flow intersects
--the theoretical curve (at ‘k =.0.865 for the
rectangular wing; at k = 0,785 for the ellip-
. tical wing). - The uppermost curve for the ellip-
tical wing inﬁersectsgthe curve for the "upper
limit" at  €; = 1.2, while that of the rectan~

" gular wing falls short of this "upper limit.,
" Thé markedly high values in model proximity
‘may; in part, be attridbutadble to a profile chord

effect, the chord at wing center being equal to
b/ 4.,

- ¢) The curves are steeper..

Mention should be made of figure i5 which illustratesg
the effect of the turbulence grid, and the probable effect

of a higher Reynolds Number at « = 8.6°. -At this angle,
the ¢ value is a litile higher with than without the
grid. The =n = /da value 1is smaller. The downwash

curves are, accordlngly, lower than for the model without
'turbulence grid, i

III. EXPLORATION OF POSITION OF TIP-VORTEX CORES
ON ELLIPTICAL WING

l. Test Procedure

The location of the border of the vortex area as meas-
ured on the elliptical wing, is identical with the location
of the cores of the individual tip vortices at greater dis-
tance behind the wing. The edgés of the vortex area or
vortex cores are readily observed on streamers which exe-
cute rapid conical rotary motion. Admittedly, this rotary
motion of the streamers. is not confined to a point, Dbut
rather extends over a circular section of about 1 to 3 ém
(043937 to 1.18 in.) diameter, depending on the amount:of
angle of attack. The location of the borders is defined
by the center of the circle., The results for three angles
of attack are given in figures 18 and 12. The spacing of
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the tip vortices in figure 18 shows the asymptotic approach
-6 f +these tip vortices, according to the theoretically pre-~
-scribed spacing b!' = kb, The distance is a little less

as O is higher, although the discrepancies are minute.
The -concentration of the span-distributed vortices in two
“"separate. tip vortices, termlnates,accordlng to a British
report (reference 5), at around ¢€; = 4 where, of course,

the theorefical -spacing ' = 0.785 b of the vortices,
has - not as yet been reached, according to figure 18. On
the ‘dontrary, it amounts to around 0.85 b in the range of
€, =2 to 4. In accord with that, the downwash factors

mugt be less than given in the theoretlcal curves of the
graphs showing the downwash factors plotted against ¢ (at

€y = 0). Plotting the theoretical curve of .ay/ay; for
k = 0.85 in figure 17, which lies by about’ ‘dy/a; = 0.25
lower than the dashed curve for kX = 0.875, would reveal,

on the other hand, that curve (4) for o = 14° itself lies
higher than the theoretical curve for Xk = 0,85,

Examination of the difference 1n helght of the tip
vortices from the longitudinal axis of the chosen coordi-
nate system (fig. 19), reveals the following: The curves
of the tip vortices start exactly in the pressure line of
the wing which, owing to its flat pressure side, lies at
the wing tips in the wing chord. The .curve is, at first,
parabolical, then deflects at €3 = 1 to 2, and finally
becomes straight lines, parallel to the-longitudinal axis,
The distance of this parallel line from the longitudinal
axis is, at the most, approximately egual to the chord in
wing center -~ that is, insignificant, so that in this re-
speet the assumptions of trailing vortex in flow direction
for computing the downwash factors, are satisfactorily
complied with. ' :

2. Comparison of Recorded Position of the Tip~Vortex Cores
wit: the Kaden-Betz Theory (reference 1)

In his thesis "Development of an Unstable Area of Dis-
continuity," Kaden employs_terms for the position of the
spiral center of an area of discontinuity which, as 1is
known, coils up in the form of a spiral. This arséa of dis-
continuity moving vertically downward at corstant velocity,
is thereby bounded on one side only. But, when assuming
the rolllng—up process at the edzes to be the same for a
sufficiently wide vortex sheet, the latter may be visual-
ized as being prodiiced by a wing with elliptical 1ift dis-
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tribution. The center of the helix with the tip-vortex
cores, described in the preceding section, can also be ap-
proximately identified because - as Kaden himself showed ~
at greater distance behind the wing the circulation about
the center of the spiral is such as if only one concen-
trated vortex exigted. Besides, the premise for the start
of the rolling process is that the circulation about the
spiral center is the same as around a vortex filament -
when the circle around the spiral center for which the
circulation is computed, is not too small, On thége prem—
ises, the results of the preceding section can be compatred
with Kaden's theoretical findings.

Then the term for the diminished spacing of the tip
vortices reads:

f}é« = 0.68 (%)2/3 (1)

and that for'the rigse of the tip vortices over the lowest
pdint of the vortex sheet:

h N2

- = 1,04 (&) 2

e 0 Q.b/ (2)
Hefeby a = E_g_ﬁl and ¢ =w t is the displacement of
the area of discontinuity, when w = vertical velocity of
said area, and t = time interval.

Disregarding the rolling-up process, the vertical ve-
locity of the area of discontinuity of a wing with ellip~
tical 1ift distribution is, at great distance behind the
wing, equal to twice the interference velocity at the
point of the wing:

w = 2W0 = 2 _____ vo

This value must be written in (1) and (2) because the pre-
scribed circulation distribution in the vortex area is
directly tied to this quantity; that is, this value is a
measure for the intensity of the vortex area.

In order to be able to compare the theoretical curve
of the rise Eh§ of the tip vortices to be computed with

these values, against the experimental values of the posi~-
tion of the tip vortices, we establish the apex of the
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vortex area in the plahe’of symnetry of the wing, as h
can be approximated from this lowest point of the vortex
area. Strictly speaking, this: holds true cnly so long as
the rise h is very small compared to the width of the
vortex sheet. This point can be established by recording
the wake vortex area with a total-head survey apparatus.
The position of the minimum of the total head is identical
with the point under consideration. . The measurement was
made - for other reasons ~.for two spacings behind the
wing. Another way would be to define the position by
means of the recorded downwash factors on the longitudinal
axis passing through the wing trailing edge, through inte~
gration of these factors over €7, With a¥ = z and w =

i
interference velocity at point €;, we have:

Ay = == 3 W = Oy Vo = 2z Q3 Vg

Vo '
€

c = fl wdt; t= ¢ 943 (since 1 = 7, t)
0 0

[
e = a flz d ¢
€ = ——Fe = N .
c b72 10 =

Figure 19 {curve 1) shows the €, values for e, =

1,07 as obtained by graphical integration of the z val-
ues for €3 = - 0.09 in figure 15. The start of the in-
tegration was at €7 = 0.32, the figure for the trailing

edge of the profile, The correctiong for the finite Jjet
diameter afforded curve (2) of figure 19.

It is seen that the .€c value of the wake-flow meas-

urement is in very close agreement with the thus-computed

€, Vvalues. The minor discrepancy at €, = 2433 is attrib-

utable to the fact that at greater distances the z wval-
veg should really have been taken on 2 longitudinal axis
with €4 =-~0.4. TFor the rest, the close accord is indica-

tive of the practical usefulness of the employed method of
recording the angle of downwash. ILastly, we extrapolated
the thus-established curve in the €3 = 0 to 0.5 range
to the poiant of the effective line in the wing chord, so

as to more closely approach the conditions existing at the
wing tips (curve 3). :
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iThén curve (4), computed according to the Kaden-
Betz theory, is in very exact agreemeént with the measured
curye,as_far as €7 = 2.0, ~where the curve then gradually

turns parallel with the longitudinal axis. Perhaps the
assumption that the roelling-up process ends 1n this point,’
is 1egit1mate‘

Kaden 01tes a different point for the termination of
the spiral process. He proceeds from the assumption that
the speed of rolling up, i.e., the rate at which .the edges
of the vortex sheet approach the wing center ~ that is,
the quantity - :

da
at

preserves its initial value until the distance

&max ~ )
hag been covered.

curve (1) in figure 18 illustrates the values of the
position of the tip vortices for ¢ = 1.07 as computed

a \ /3 .
from 575 = 0.68 ( . « This theoretical curve agrees on-—

ly in wing prox1w1ty to some extent with the experimental-
ly defined values. At constant rolling-up speed, the path
of the tip vortices would be repregsented by a tangent in
the origin of the theoretical curve (1). The intersection
of the tangent with the line parallel to the axis of the
abscissa, which denotes the theoretical end position of the
tip vortices, would then give the point at which the roll-
ing—-up process terminates, It lieg, according to Xaden, at
.ba 1 * :
€] = C.568 « “E‘;“ ¢ ==, that is, at €'L = 2.65 for (o] =

c a,
1.07. &

The agrcement with €7 = 2.0 taken from figure 19,
is therefore, close. ’ Co

*Allowing for a factor 3.2, for which Kaden's figures are
grroncously given too low.

Translation by J. Vanier,
Wational Advisory Committee
for Aeronautics.
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Figs, 11,12,13,14
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Figs., 15,16,17
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Figs., 18,19
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